We study the interplay of supersymmetry and certain non-compact invariance groups in extended supergravity theories (ESGTs). We use the N = 4 ESGT -. to demonstrate that these symmetries do not commute and exhibit the infinite dimensional superinvariance algebra generated by them in the rigid limit. Using this result, we look for unitary representations of the full algebra. We discuss the implications of our results in the context of attempts to derive a relativistic effective gauge theory of elementary particles interpreted as bound states of the N = 8 ESGT.
Introduction
At the present time extended supergravity theories (ESGTs) are the most promising candidates for unifying gravitation with the other fundamental particle interactions. Even if attempting such an ultimate unification is probably still premature, it is clear that the ESGTs are sufficiently stimulating for the elucidation of their structure to be worthwhile.
One may gain insights which will prove valuable in the construction of the ultimate theory. With this aim in view, we continue in this paper mathematical investigations of the symmetries of ESGTs.
In potential problem with ghosts due to the non-compactness of G is avoided by the gauging of its maximal compact subgroup. The "gauge fields" associated with the invariance under Hl,, of these theories are composites of the scalar fields as in the two dimensional CPN models4
Cremmer and Julia suggested that the composite gauge fields of Hloc may become dynamical on the quantum level. 1 Their suggestion was motivated by analogy with the CPN models in two dimensions,4J5 whose study in t.he large N limit shows that the composite gauge fields develop a pole at p2 = 0 in their propagators and become dynamical on the quantum level. 4 Nissimov and Pacheva6j7 have extended this analysis to the three dimensional (2 + 1) supersymmetric generalized non-linear a-models and shown that in the large N limit these theories have a phase in which the composite gauge fields and their superpartners develop poles at p2 = 0 and become propagating,6p7 with supersymmetry remaining unbroken.
It is well-known that the fundamental fields that enter the largest ESGT (N = 8) in four dimensions do not have a rich enough structure to accommodate the basic fields of a realistic gauge theory of strong, weak and electromagnetic interactions.8 Thus it was thought that some of the fields entering such a theory might have to be made composites of the fundamental fields of N = 8 ESGT in order to make contact with elementary particle physics.gp10 The suggestion of Cremmer and Julia' that the composite gauge fields of SU (8)1,, in N = 8 ESGT may become dynamical on the quantum level was an important step in this direction.
Another step in this direction was taken by Maiani and three of the present authorsll (EGMZ) who postulated that in addition to massless gauge fields other massless bound states (fermionic and bosonic) may form. The low energy effec-tive theory could then be a grand unified theory based on SU (5) (1, 1) and investigate how they may be used to represent the full superinvariance algebra. Our discussion can be extended to higher ESGTs for N = 5,6,7,8: we comment explicitly on the most interesting case of N = 8.
N = 4 Extended Supergravity Theory
There are two different formulations of N = 4 ESGT which are referred to as the SO (4) formulation34~35~1 and the SU (4) formulation.2 In the SU (4) formulation, of the six 8 = 1 fields entering the theory three are most naturally defined as vectors and the remaining three as axial vectors, while in the SO (4) formulation they are most naturally all taken to be vectors. The non-compact global on-shell invariance group SU(4) X SU(1, 1) of these theories was first discovered in the SU (4) . .
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The Gi are functions of the scalar fields
where z G rc(A + iB). b denotes a supercovariant derivative operation:
The purely bosonic part of the above Lagrangian can be written asl: This implies that
[L+, z] = i Similarly for the conjugate operator z (x) we find
Similarly from the transformation properties of the s = l/2 fields xi and s = 3/2 fields $f:
we obtain
15 (3.8) (3.9) To calculate the commutators of supersymmetry generators Q' with the non-compact symmetry group generators it is simplest to use the action of Qi on the vierbein e;(x) or on the scalar fields z(x), Z(X):
where a(x) = 1 -z(x) E(X). Using the Jacobi identities one finds
Comparing these commutation relations with those of the $$ fields (see Eq. (3.9)) we see that under a global SU(1, 1) transformation u(g-1~Qi4d = exp -&b, P, %, 5)75) Q' (3.12) -.
The important feature of this SU(1, 1) is that it does not commute with the supersymmetric transformations. By multiple commutation of the generators L+, L-, & with the supersymmetry generators Qi one generates scalar field dependent supersymmetry generators of the form z" zrn Q' or P zrn 75Qi. As suggested in reference 13 it is simplest to study the algebra generated by L+, L-,& . and Qi in the rigid limit, i.e. by going to spatial infinity where all fields vanish asymptotically except for the scalar fields and the vierbein e$ which simply becomes the Kronecker &function. In this limit the constant scalar fields which we define as the commuting operators 2 and ,? commute with Qi. Interpreting the operators P(x) zrn (x)Q' as "generators" of generalized supersymmetry transformations may look puzzling since the generators of a symmetry must become integrated charges independent of space-time. What we are implicitly assuming is that the corresponding integrated charges, which will in general be integrals over the basic fields and their canonical momenta, act on the basic fields of the theory in the same way as the 2" 2" Q'. In general, however, these generalized fermionic charges will not be representable in the form of products of the Q' with scalar field operators. We assume that the algebra of these charges remains Furthermore, when we check the Jacobi identities using (3.21, 3.22) we find that even these Lorentz-allowed Schwinger terms must in fact vanish as a consequence of the fractional U(1) charge associated with the spinorial charges.
In Section 1 we have given the arguments as to why we expect the bound states to form unitary representations of the non-compact invariance group. The supersymmetry transformations extend the Lie algebra of the non-compact group SU(1, 1) to the infinite dimensional algebra given by-Eqs. n-qz Considering the case m > 0, we find that Um,v,pI must be a solution of the hypergeometric equation p(l-p)$+ [7-(a+8+l) p]$+@p=0 (4-Q) with 7 =l+m cw=v+q+m P r) =v-(4.10)
The solutions are the hypergeometric series um,v,l = F(cr, p; 7; p2) which converge for 0 5 p2 < 1. Since the operator
=K+&-,-,$$ -h&positive eigenvalues: we also have
and we cannot identify the last term in (4.28) as obtained from (4.12) and from (4.43) we find Red=; , d=2 '+iX IdI = ; + x2 = (I -u)u (4.45) which correspond to the principal series: u = $ + A. _ _ Thus, while we have not shown that the representation (4.34) of the algebra (3.1) (3.4) (3.5) and (4.30) is unique, it appears to be a minimal one in the sense that it is irreducible under SU( 1,l) (except for X = 0 in (4.45) in which case it splits into the two discrete representations e 2 i and e < -$), while any other representation will necessarily be reducible under SU(1, 1).
Unitary Realizations of the Superinvariance Algebra
Once we have obtained a realization. of the algebra defined in Eqs. (3.1) (3.4) (3.5) and (4.31) the full superinvariance algebra is defined by Eqs. (3.1) and (3.20-3.22) . If le, u, X > is a state of U ( 1) eigenvalue e, and helicity X, we represent the operators defined in Eq. the value of the Casimir:
(1 -$Z,2)"
When square integrated over the invariant metric (6.2) the functions corresponding to the eigenvalues (6.1) have divergence properties similar to those for the principal series of SU (1, l) , indicating that solutions obtained using the ansatz of the type in Eqs. Induced representations which are irreducible under E7 (7) can be constructed on spaces smaller than the 70-dimensional one of the scalar fields.@ We have examined briefly examples of such representations and found that if each helicity state of a given supermultiplet is assigned to an irreducible representation of E7t7) the states generated by operating successively with the Yi do not fall into supermultiplets.
This may indicate that we cannot represent the full algebra using irreducible representations of this type, although one might be able to find50 some set of such irreducible h(7) representations which would be able -. to represent the algebra, possibly involving an infinite spectrum of spins. In addition the Z; can be represented in this case only if they satisfy additional constraints which restrict them to the appropriate smaller dimensional space.
This implies constraints among the generalized P's and Q's which would have to be consistent with the N = 8 superinvariance algebra. Such a realization would further mean that the 8 ordinary supersymmetry generators do not transform linearly under 5'U(8) but only under some subgroup of SU (8) . A full investigation of these questions clearly requires some new mathematical techniques for studying infinite algebras of the type extracted from the invariance groups of extended supergravity theories.
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